




















A NOTE ON q-EULER NUMBERS AND POLYNOMIALS
Taekyun Kim
Abstract. The purpose of this paper is to construct q-Euler numbers and polynomials
by using p-adic q-integral equations on Zp. Finally, we will give some interesting formula
related to these q-Euler numbers and polynomials.
§1. Introduction










which can be written symbolically as eBt = t
et−1
, interpreted to mean Bk must
be replaced by Bk when we expand on the left. This relation can also be written
e(B+1)t − eBt = t, or, if we equate power of t,
B0 = 1, (B + 1)
k −Bk =
{
1 if k = 1
0 if k > 1,
where again we must first expand and then replace Bi by Bi, cf. [6,8,9,10,11].
Carlitz’s q-Bernoulli numbers βk can be determined inductively by
β0 = 1, q(qβ + 1)
k − βk =
{
1 if k = 1
0 if k > 1,
(1)
with the usual convention about replacing βi by βi,q(see [1,2,3,4,5,12]).
Carlitz also defined q-Euler numbers and polynomials as
H0(u; q) = 1, (qH + 1)
k − uHk(u; q) = 0 for k ≥ 1, (2)
where u is a complex number with |u| > 1; and for k ≥ 0,
Hk(u, x; q) = (q
xH + [x]q)
k, cf. [2, 3, 4, 9, 10, 11, 12],
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where [x]q is defined by [x]q =
1−qx
1−q .









, (|t| < pi), (3)
we note that En = En(0) are called n-th Euler numbers, cf. [6,7,8].
Let p be a fixed odd prime, and let Cp denote the p-adic completion of the algebraic
closure of Cp. For d a fixed positive integer (p, d) = 1, let








a+ dpNZp = {x ∈ X |x ≡ a (mod dp
n)},
where a ∈ Z lies in 0 ≤ a < dpN .
The p-adic absolute value in Cp is normalized so that |p|p =
1
p . Let q be variously
considered as an indeterminate a complex number q ∈ C, or a p-adic number q ∈ Cp.
If q ∈ C, we always assume |q| < 1. If q ∈ Cp, we always assume |q − 1|p < p
−1/p−1,
so that qx = exp(x log q) for |x|p ≤ 1.




= 1 + q + q2 + · · ·+ qx−1.
We say that f is uniformly differentiable function at a point a ∈ Zp and denote
this property by f ∈ UD(Zp), if the difference quotients
Ff (x, y) =
f(x)− f(y)
x− y
have a limit l = f ′(a) as (x, y)→ (a, a).











representing q-analogue of Riemann sums for f , cf. [5]. The integral of f on Zp will
be defined as limit (n→∞) of those sums, when it exists. The q-Volkenborn integral










f(x)qx, (see [5] ). (5)
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= 1− q + q2 − q3 + · · ·+ (−1)x−1qx−1.
In [4,5], it was known that
∫
Zp
[x+ y]mq dµq(y) = βm,q(x), (6)

















[2]q if n = 0
0 if n > 0,
(8)
with the usual convention about replacing Eiq by Ei,q. From these numbers, we will
derive some interesting formulae.
§2. A note on q-Euler numbers and polynomials
From (7), we derive formulae as follows:
qI−q(f1) + I−q(f) = [2]qf(0), (9)
where f1(x) is translation with f1(x) = f(x+ 1).







e[x]qtdµ−q(x) = [2]q. (10)


























































By (11), we easily see that ∫
Zp











































































Thus, we have ∫
Zp



















q = 1 + q[x]q. (14)



























































with the usual convention about replacing Eiq by Ei,q.




[2]q if n = 0
0 if n > 0,
(16)
with the usual convention about replacing Eiq by Ei,q. When we compare Eq.(16)
and Eq.(1), the Eq.(16) seems to be interesting formula. In particular, these numbers







where n ∈ N, fn(x) = f(x+ n). When n is an odd positive integer, we note that








[x+ n]mq dµ−q(x) +
∫
Zp










nEm,q(n) + Em,q, (19)












From (12), (13) and (20), we derive




where n is a positive even integer. It seems to be interesting to compare (19) and
(21).
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